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Abstract
This paper proposes utilizing formal control theory to control the
quality of streaming approximate applications running on a system with
quality-con�gurable memory by tuning memory reliability knob(s).

1 Introduction
Approximate computing trades accuracy for performance or e�ciency,
exploiting the fact that many applications are robust to some level
of imprecision. One of the primary candidates in the system for
approximation is the memory subsystem.

Previous work has focused mainly on open-loop and pro�le-guided
approaches for setting approximation knobs statically to appropriate
values [2, 7, 13] (Fig. 1(a)). Instead of putting the burden of setting
approximation knob(s) on the system designer or the programmer, we
aim at automatically controlling the quality by utilizing a feedback
controller in the middleware layer that �nds the optimal knob values at
runtime (Fig. 1(b)) depending on the requested quality for the application.

Pro�le-guided open-loop approaches su�er also from two major
disadvantages: (1) They make approximation decisions based on average
or worst-case input behavior. Laurenzano et al. [4] have shown that
the accuracy of approximate programs depends heavily on program
input. (2) It is di�cult to model an under-designed memory in order to
measure the output accuracy at di�erent settings. Temporal faults that
are variability-induced, temperature-induced, etc. cannot be modeled
easily.

In this work, we target streaming applications in which the application
is given a sequence of inputs and the results from processing previous
inputs can be used to adjust the knobs for the successive inputs because
of the correlation of the inputs as well as the temporal behavior of the
memory errors. Formal control theory lends itself well to this kind of
applications where the history and trend of the previous inputs can be
utilized to make predictions for future inputs. In other words, when
the system dynamics can be formulated using di�erence/di�erential
equations.

Several work has done dynamic control for approximation [1, 11, 14];
this work aims to �ll that role with control theory. We believe that
despite the randomness of errors introduced into the execution of the
program because of the memory approximation, the system dynamics
can be captured in way that a formal control-theoretic technique can
e�ectively control the quality of the program even in presence of
stochastic (non-deterministic) behaviors. The systematic design of
closed-loop systems needs an ability to quantify the e�ect of control
inputs (e.g., approximation knobs) on measured outputs (e.g., quality of
the program’s output), both of which may vary with time. Identifying
this model (i.e., dynamic behavior) is central to leveraging control theory
for managing a system. Our solution to this problem employs a controller
to construct a closed-loop feedback control mechanism. This controller
monitors the error (i.e., di�erence between target output quality and
measured output quality) and applies a correction accordingly.
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Figure 1. Open-loop knob settings vs. closed-loop quality control.

2 Problem Formulation
2.1 Application Class
We target streaming applications where a stable computation pattern is
applied on consecutive inputs. Usually these applications are stateless.
In the context of approximate computing, this means that the quality
degradation of kth input is purely dependent on the hardware errors
happened during processing that input.

2.2 Monitoring Quality at Runtime
In order to construct a closed loop feedback mechanism and adjust
the memory approximation knob(s) at runtime, the system needs to
occasionally sample the current quality of the output with the current
knob(s) settings. This quality measurement method is application
dependent and normally the programmer provides a software routine to
measure it at runtime. In many cases, this quality measurement would
require computing the precise and approximate versions of the output
for comparison.

2.3 Memory Approximation Knob(s)
Depending on the approximation strategy used and the memory
technology, there is always one or more knobs that can tune the degree
of approximation storage. For example, in SRAM memories, voltage
is the main knob. If the approximation strategy is to skip some of
the memory accesses – often stores – or predicting the value of load
operations, the percentage of such operations could be the knob that
tuning of which would adjust the �nal quality of the output. The
ultimate goal is to set the most aggressive knob setting that satis�es the
quality goal in order to gain the highest energy savings possible.

3 Quality Control with Feedback Control Theory
In control theory, a controlled system is represented as a feedback
control loop as in Fig. 2(a). At the epoch k, the controller reads the
measured output y(k) of a system in state x(k), compares it against the
target value yr ef , and based on the di�erence (or error e(k)), generates
the control input u(k) to actuate on the system and reduce the error.

In our case, the system is composed of both quality-con�gurable
memory as well as the software running on a system with this memory.
The control input to the system is the value of a knob and the measured
output of the system is the quality of the generated output.

The closed loop approach for tuning knobs is shown in Fig. 2(b). The
application runs on a processor with a quality-con�gurable memory.
With a pre-determined frequency, the quality monitor routine measures
the current quality of the output. This quality is compared against the
quality goal. A positive di�erence means there is still room to relax the

Controller
(c)

 +
 _

System
(x)

Target (y0)

yuError

(a)Closed loop approximate system

Controller Memory 
Substrate

Application
User Provided 
Quality Goal

Reliability Knob(s)

Quality 
Monitor

 +
 _

(b)

Figure 2. Closed loop approach for tuning memory approximation
knob(s).



reliability requirements of the memory and the controller accordingly
sets a more aggressive knob setting. A negative di�erence means that
the quality has degraded more than what was intended. The controller
accordingly sets a more conservative knob setting.

To formally control such a system, a model of the system dynamics
that describes the relation between control input(s) (i.e., knob(s)) and the
measured output (i.e., the quality of the program’s output) as a function
of time epoch, is needed.

A common practice to extract the dynamic model of complex
systems is through System Identi�cation Theory [5, 6] where we
experimentally collect input-output data and use black-box identi�cation
methods to isolate the deterministic and stochastic components of
the system. The relationship between control inputs and measured
outputs can be speci�ed using linear di�erence equations. More
precisely, it relates current and past outputs to current and past inputs.
A simple �rst order linear di�erence equation can be approximates as:
y(k + 1) = ay(k) + bu(k), where a and b are parameters that can be
identi�ed using parameter estimation methods such as least square
regression. This is a di�erent use case of machine learning as the system
is �rst exercised withu(k) to observe y(k), and then y(k +1) which is the
shifted version of y(k) is used to �t a regression in a three-dimensional
space. In this way, we can build a model entirely from true data for
arbitrarily complex systems. In our design, we follow this approach
and show that quality con�guration (i.e., tracking) in memory-oriented
approximate computing can be modeled as a formal quality control
problem, which can be then addressed by using classical o�-the-shelf
controllers.

4 Case Study: Video Edge Detection
We use canny video edge detection as our case study. The temporal
similarity between adjacent frames of a scene in a video allows the
controller to adjust the quality based on the history of the system
from previous frames. We use miss-classi�cation error as our quality
metric, that is the ratio of total number of pixels mistakenly classi�ed as
edge/non-edge to the total number of pixels in the frame.

For simplicity, we assume that all the memory accesses hit the
memory substrate in which we are interested to actuate the error rate.
We choose write reliability as the tuning knob as the write current
amplitude which is shown in previous work to be an appropriate
approximation knob for spin-transfer torque memories [7, 10, 12], and
there is a relationship between the amount of the current applied for
write operations and the write error probability.

4.1 System Identi�cation
In order to design a controller for the system, we need to model the
system �rst. The �rst step towards that is to generate test waveforms
from training applications for system identi�cation. A test waveform
contains a series of samples for controller inputs and outputs for a
training application, and should exercise as many input permutations as
possible. The system dynamics is exercised often by applying a staircase
waveform to the control input (e.g., write bit error rate). Such staircase
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Figure 3. Predicted Model vs. Measured Output.

would stimulate system behaviour in response to various levels of
control input. In our work, we change write bit error rate from 10E-7 to
10E-3 with steps of 10E-7.

In this method, training sets use varying frequency (e.g., a set of
out-of-phase staircase signals for the control input) in order to isolate
the deterministic and stochastic aspects of the system. This model is
then evaluated to predict the expected data from the identi�ed system.
Abnormal behaviour from this model can raise a �ag that the controller
to be designed from this model might be inaccurate. We use MATLAB’s
system identi�cation toolbox for this process. Figure 3 shows the
result of system identi�cation for canny when a series of 2400 frames
are inputted. It can be seen that the predicted model closely �ts the
measured data.

4.2 Controller
Our system is a simple single-input-single-output (SISO) control system
with write bit error rate as control input and edge detection miss-
classi�cation rate as measured output. 1 We use a proportional-integral
(PI) controller to control this system. The proportional term refers to the
fact that the controller output is proportional to the amplitude of error
signal, while Integral indicates that the controller output is proportional
to the integral of all past errors [3]. The PI control law has the form:

u(k) = u(k − 1) + (KP + KI )e(k) − KPe(k − 1) (1)
Where KP and KI denote the coe�cients for the proportional and
integral terms, respectively. Controller design is a mature �eld which
utilizes many tools that provide o�-the-shelf controllers. We use Matlab
PID tuner toolbox to design and deploy our controllers. PI control bene�ts
from both integral control (zero steady-state error) and proportional
control (fast transient response). In most computer systems a �rst-order
PI controller provides rapid response and is su�ciently accurate [3].

4.3 Comparison
Figure 4 compares the performance of a PI controller in tracking target
quality with a manual calibration scheme. The manual scheme measures
the di�erence between the desired quality and the current quality. If the
di�erence is within -+10% it does not change the knobs. Otherwise it
changes the knob in one direction with certain �ne-grained steps until
the quality returns back to the acceptable quality region.
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(a) pi controller
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(b) manual calibration

Figure 4. Comparing PI controller with manual step-wise re-calibration
similar to [1].
5 Concluding Remarks and Future Work
We presented an approach based on the formal control theory in order to
control the quality of applications running on systems with approximate
memories. Future work will look into using this mechanism for a set
of approximate streaming applications. Also, a detailed analysis for
the energy trade-o� achievable with this approach is required. We
also intend to �nd use cases where a MIMO controller could be more
e�ective because of the number of quality metrics that can be controlled
and/or the number of memory components that can be independently
tuned. Our recent work [8] presents a methodology for designing robust
and responsive MIMO controllers for manycore, while in [9], we present
a hierarchical supervisory control approach which leverages MIMO
controllers for resource management in manycore systems. We plan
to investigate their e�ectiveness in the context of quality control in
approximate computing.
1Note that while in this case study we utilize a SISO controller, we also acknowledge the
possibility of using a multiple-input-multiple output (MIMO) controller for other systems
that may provide more than one output quality metric and memories that provide more
than one to tune – either because there are multiple knobs per memory component (i.e.,
STT-MRAM read and write current) or the controller is tuning multiple individual memory
components in the memory hierarchy.
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